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Superinsulators are dual superconductors, dissipationless magnetic monopole condensates with infinite re-
sistance. The long-distance field theory of such states of matter is QED with dynamical matter coupled via a
compact BF topological interaction. We will quantize the 2D model in the functional Schro¨dinger picture and
show how strong entanglement of charges leads to a phase which is a single-color, asymptotically free version
of QCD in which the infinite resistance is caused by the linear confinement of charges. This phase has been ex-
perimentally detected in TiN, NbTiN and InO thin films, including signatures of asymptotically free behaviour
and of the dual, electric Meissner effect. This makes superinsulators a “toy realization” of QCD with Cooper
pairs playing the role of quarks.
INTRODUCTION
In (2+1) dimensions, gauge theories can be augmented by
a topological term, the famed Chern-Simons (CS) term [1].
When this couples two different Abelian gauge fields, a vec-
tor and a pseudovector, one speaks of a mixed, or doubled CS
term. In this paper we will consider an Abelian gauge model
involving such a mixed CS term and the two corresponding
Maxwell actions. This model is the (2+1)-dimensional ver-
sion of topological BF models [2] in any number of dimen-
sions.
Such mixed CS and BF models were introduced as long-
distance effective theories of condensed matter systems in [3],
where it was shown that they model the superconductor to in-
sulator transition (SIT)[4] in Josephson junction arrays and
thin superconducting films. Specifically, three phases were
found when both gauge symmetries are compact, with gauge
group U(1), and contain thus topological excitations describ-
ing vortices and point charges. First, the U(1) × U(1) phase
with dilute topological excitations describes [5] the intermedi-
ate Bose metal phase [6], realizing a U(1) ⋊ ZT
2
bosonic topo-
logical insulator [7]. When one of the two gauge symmetries
is broken to Z, instead, we have the superconductor and the
superinsulator phases [3, 8–10], respectively. The latter is the
subject of the present paper.
Superinsulators are a condensed matter realization of com-
pact QED [10], the simplest example of a strongly coupled
gauge theory with a massive photon and linear confinement of
charges [11]. While the pure gauge model, with only closed
string excitations [12] is non-renormalizable, it is known that
coupling fermions, instead, does lead to a non-trivial fixed
point of the renormalization group flow [13]. The situation
is, instead controversial in the compact Abelian Higgs model,
one result pointing to the existence of a fixed point [14], an-
other showing its absence [15]. Here we show that deep
non-relativistic QED coupled to dynamical matter via a com-
pact mixed Chern-Simons term has a Berezinskii-Kosterlitz-
Thouless (BKT) [16] fixed point separating an integer topo-
logical phase [7] from a confined phase. The integer topologi-
cal phase [7] corresponds to a functional first Landau level and
consists of an intertwined incompressible fluid of charges and
vortices with a gap set by the CS mass. The confined phase
is a highly entangled vortex condensate in which charges get
bound to the ends of electric strings and the theory is asymp-
totically free, the BKT transition representing the strong-
coupling infrared (IR) confinement phase. This is the su-
perinsulation phase, realizing ’t Hooft’s old idea of quark con-
finement as dual superconductivity [17]. Remarkably, this su-
perinsulation phase has been experimentally observed in TiN,
NbTiN and InO thin films [9], including the explicit realiza-
tion of confinement, asymptotic freedom and of the electric
Meissner state [18].
THE MODEL
We consider a (2+1)-dimensional, non-relativistic model of
dynamical matter coupled to electromagnetic gauge fields Aµ
via a mixed CS term,
S=
∫
dt d2x
−v
2e2
0
F0F
0 +
−1
2e2
0
v
FiF
i +
q
2π
Aµǫ
µαν∂αbν
+
−v
2g2
0
f0 f
0 +
−1
2g2
0
v
fi f
i , (1)
where e2
0
is the gauge coupling constant, with dimension
[mass] in 2+1 dimensions (we use natural units c = 1, ~ = 1),
and v is the speed of light, a dimensionless number smaller
than one in our units. Matter is formulated itself in terms of
a fictitious pseudovector gauge field bµ so that j
µ = (q/2π) f µ,
with f µ = ǫµαν∂αbν the dual field strength, represents the
conserved charge current. Correspondingly, φµ = (1/2π)Fµ,
Fµ = ǫµαν∂αAν, is the vortex current. When the gauge symme-
tries are taken as compact, with radius 2π and 2π/q for U(1)b
and U(1)A, respectively, q ∈ Z plays the role of the charge
quantum. The coupling g2
0
, also with dimension [mass], sets
the energy scale of matter fluctutations.
In applications to condensed matter systems, the relevant
limit is the one in which the speed of light v = 1/
√
εµ << 1
due to a very high dielectric permittivity ε (while the magnetic
susceptibility µ = O(1)). We will thus consider the model (1
2in the limit v → 0, in which only electric fields survive. This
limit has been called the “strong coupling limit” in [19]; it is
however, rather the deep non-relativistic limit (DNRL) and we
will henceforth call it like that. The action is thus
S =
∫
dtd2x
−1
2e2
FiF
i +
q
2π
Aµǫ
µαν∂αbν +
−1
2g2
fi f
i , (2)
where we have reabsorbed the factor v in a redefinition of the
coupling constants, e2 = e2
0
v, g2 = g2
0
v.
FUNCTIONAL LANDAU LEVELS
We shall quantize the model (2) in the functional
Schro¨dinger picture. As usual for a gauge theory, the gauge
components A0 and b0 are not dynamical fields, since they
never appear with time derivatives. They are Lagrange mul-
tipliers, whose associated Gauss law constraints implement
gauge invariance. They can be set to zero, A0 = 0 and b0 = 0,
after imposing the corresponding Gauss law constraints. This
is called the Weyl gauge.
The two canonical momenta conjugate to the canonical
variables Ai and bi are:
PiA=
δL
δ(∂0Ai)
=
1
e2
F0i +
q
4π
ǫi jb j ,
Pib=
δL
δ(∂0bi)
=
1
g2
f 0i +
q
4π
ǫi jA j . (3)
They are realized as functional derivatives,
PiA = −i
δ
δAi
, Pib = −i
δ
δbi
. (4)
The Hamiltonian density, when written in canonical variables
takes the form
H = e
2
2
(
ΠiA
)2
+
g2
2
(
Πib
)2
, (5)
where
ΠiA= PiA −
q
4π
ǫi jb j ,
Πib= Pib −
q
4π
ǫi jA j , (6)
are the kinetic momenta. Due to the Chern-Simons term, the
kinetic momenta do not commute,
[
Πia(x),Π
j
b
(y)
]
= −i q
2π
ǫi j δ2(x − y) . (7)
which is tantamount to the presence of a non-trivial functional
gauge connection
AiA (A, b) =
q
4π
ǫi jb j ,
Aib (A, b) =
q
4π
ǫi jA j , (8)
in the theory. Canonical momenta are not functional gauge
invariant quantities anymore, since they can be traded with the
connection by a functional gauge transformation of the wave
functionals,
Ψ
[
Ai, bi
]
→ ei q4πΛ(A,b) Ψ
[
Ai, bi
]
,
ǫi jb j→ ǫi jb j + δ
δAi
Λ (A, b) ,
ǫi jA j→ ǫi jA j + δ
δbi
Λ (A, b) ,
∂i
δ
δAi
Λ
(
Ai, bi
)
= 0 , ∂i
δ
δbi
Λ
(
Ai, bi
)
= 0 , (9)
where the last conditions are required to respect traditional
gauge invariance, encoded in the Gauss law constraints, see
below. Only the electric fields Πi
A
and the charge currents Πi
b
are well-defined gauge invariant quantities.
The functional connection (8) is not pure gauge. The quan-
tity
Bi j(x − y)= δ
δAi(x)
A j
b
(A(y), b(y))− δ
δb j(y)
AiA (A(x), b(x))
= − q
2π
ǫi jδ2(x − y) , (10)
plays the role of a functional uniform magnetic field and ap-
pears as the commutator of kinetic momenta, exactly as in the
traditional Landau problem of electrons in an external mag-
netic field. This shows that the Chern-Simons term plays the
role of a functional magnetic field, i.e. of a non-trivial curva-
ture in configuration space.
Exactly as in the standard problem of Landau levels we can
define lowering and raising operators
Ai=
√
π
qeg
(
eΠiA − igǫi jΠ jb
)
,
Ai†=
√
π
qeg
(
eΠiA + igǫ
i jΠ
j
b
)
, (11)
with commutation relation[
Ai(x),A j†(y)
]
= δi j δ2(x − y) . (12)
In terms of these, the Hamiltonian takes the familiar form
H = m
∑
i
∫
d2x
(
Ai†(x)Ai(x) + 1
2
δii δ2(0)
)
, (13)
where the second term represents the infinite ground state en-
ergy that has to be subtracted and m = egq/2π is the topolog-
ical energy gap. Finally, the Gauss law operators, implement-
ing standard gauge invariance, are the constraints associated
with the Lagrange multipliers a0 and b0,
GA ≡ ∂iPiA +
q
4π
∂iǫ
i jb j ,
Gb ≡ ∂iPib +
q
4π
∂iǫ
i jA j . (14)
At the quantum level these constraints must be imposed as
conditions on physical states:
GAΨ[A
i, bi] = 0 , GbΨ[A
i, bi] = 0 . (15)
3The ground state wave functional Ψ0 is thus given by the
symmetric gauge functional first Landau level, defined by
Ai(x)Ψ0[Ai, bi] = 0, subject to the gauge constraints (15).
Localized excited states of unit norm and energy m are cre-
ated by the operators
A†
f
=
∫
d2x f (x − x0) nˆiAi† ,∫
d2x f 2(x − x0) = 1 , (16)
with commutation relations[
A f ,A†f
]
= 1 ,[
H,A†
f
]
= mA†
f
. (17)
These represent extended superpositions of matter and gauge
fields. Their energy does not depend on the form factor f (x −
x0), as long as it satisfies the normalization condition (16).
In the original variables of (1), the topological energy gap
is m = qe0g0v/2π. In applications to condensed matter
physics the relevant length scales are given by 1/e2
0
= d/α
and 1/g2
0
= αλ2/π2d, where α is the fine structure constant,
λ is the London penetration depth of the superconducting ma-
terial and d is the film thickness, of the order of the coher-
ence length. Therefore, the topological energy gap reduces
to m = (1/k)(v/d), where k is the Ginzburg-Landau parame-
ter of the material and we have considered q = 2 for Cooper
pairs. We shall consider the 2D non-relativistic limit d → 0,
v → 0 so that v/d is the highest frequency in the problem.
Therefore, the higher Landau levels decouple and all relevant
physics takes place in the lowest Landau level.
Following [20, 21] we write the ground state functional as
the product of a phase and a contribution that depends only on
the transverse components of the two dynamical variables, Ai
T
and bi
T
:
Ψ0[A
i, bi] = eiχ(A
i ,bi) Φ(Ai
T
, bi
T
) ,
χ[Ai, bi] =
q
4π
∫
d2x
(
b ∂i
∆
Ai + A ∂i
∆
bi
)
,
Φ[Ai
T
, bi
T
] = exp
−q
4π
∫
d2x
(
g
e
(Ai
T
)2 + e
g
(bi
T
)2
)
, (18)
where A = ǫi j∂iA
j, b = ǫi j∂ib
j, ∆ = ∂i∂i and A
i
T
= Pi jA j,
bi
T
= Pi jb j, with the projector Pi j onto the transverse part of
the gauge fields given by Pi j =
(
δi j − ∂i∂ j
∆
)
. Using the Hodge
decomposition for the spatial components of the two gauge
fields Ai and bi:
Ai = ∂iξ + ǫ
i j∂ jφ ,
bi = ∂iλ + ǫ
i j∂ jψ , (19)
we can rewrite Ψ0[A
i, bi] as:
Ψ0[A
i, bi] = e
iq
4π
∫
d2x (ψ∆ξ+φ∆λ)e
−q
4π
∫
d2x (κ(∂iφ)2+ 1κ (∂iψ)
2) , (20)
where κ = g/e represents the dimensionless coupling con-
stant of the theory. As always in Chern-Simons gauge theo-
ries, gauge invariance is realized with a 1-cocycle [20], which
manifests itself in the phase in (18) and (20). This can be
expressed also as
eiχ(A
i ,bi) = e
i
2
∫
d2x(qλφ0+ξ j0) . (21)
Two possibilities have to be considered. In the simplest case
both gauge symmetries are non-compact, with gauge group
R. In this case, neither charges nor vortices are quantized and
ground state quantum correlation functions of their densities
are given by
〈 j0(x) j0(y)〉c= 1
4π2
1
Zψ
∫
Dψ ∆ψ(x)∆ψ(y) e −q2πκ
∫
d2x (∂iψ)
2
,
Zφ=
∫
Dψ e −q2πκ
∫
d2x (∂iψ)
2
, (22)
where the subscript “c” denotes connected correlation func-
tions and with an analogous expression for vortices in terms
of the field φ and with κ→ 1/κ. This gives
〈 j0(x) j0(y)〉c = πκ
q
∆δ2(x−y) , 〈φ0(x)φ0(y)〉c = π
qκ
∆δ2(x−y) ,
(23)
which represent short-range, screened correlations. The van-
ishing screening length implied by these expressions is a con-
sequence of the deep non-relativistic limit v→ 0 in (2). In the
general case (1) the real part of the ground state wave func-
tional (18) is modified to
Φ[AiT , b
i
T ] = e
−
∫
d2x 1
2e2
Ai
T
√
m2−v2∆ Ai
T
+ 1
2g2
bi
T
√
m2−v2∆ bi
T , (24)
which shows that both charge- and vortex densities are corre-
lated on a typical length λcorr = v/m = λ.
In the Hamiltonian formalism, the operator that inserts ex-
ternal point charges ±Q at x1 and x2 is the exponential line
integral [22],
Ψ
ρ
0
[Ai, bi] = e
iQ
∫ x2
x1
Aidxi
Ψ0[A
i, bi] ,
ρ = Q δ2 (x − x1) − Q δ2 (x − x2) . (25)
Using the functional gauge invariance (9) (without the last,
zero divergence condition due to the presence of an external
charge distribution), this can be reabsorbed by a simple shift
ǫi jb j → ǫi jb j + 4πQ
q
∂i
∆
ρ (26)
which amounts to a corresponding shift
∆E0 =
∫
d2x ρ
1
∆
ρ , (27)
in the ground state energy, showing that, in this phase, exter-
nal probe charges interact logarithmically. Note that this is
not in contradiction with short-range charge density correla-
tion functions. It is only external probes that interact logarith-
mically, dynamical charges in the model are screened by the
topological interactions.
4CONFINEMENT AND ASYMPTOTIC FREEDOM
Things change when the two gauge symmetries are com-
pact U(1) instead of R. In this case, the fields ξ and λ in (19)
are angles and the identity ǫi j∂i∂ jθ = 2πδ
2(x), in polar co-
ordinates r, θ, implies the existence of quantized vortices and
point charges. As we now show, in this U(1) × U(1) case, the
fields ξ and λ become new dynamical fields embedding the
dynamics of these additional degrees of freedom.
We start by noting that, in case of compact gauge symme-
tries, the cocycle is changed to
eiχ(A
i ,bi) = e
i
2
∫
d2x(qλφ0+ξ j0)ei
q
2
∑
i
∫
d2xξ(x)N(x,xiNi)+
i
2
∑
i
∫
d2xλ(x)Φ(x,xiΦi) ,
(28)
where
N (x, xi,Ni) = Ni δ
2 (x − xi) ,
Φ (x, xi,Φi) = Φi δ
2 (x − xi) , (29)
represent the additional point particle and vortex degrees of
freedom. The integers Ni and Φi encode the particle and vor-
tex numbers, while xi denotes their locations. We shall now
consider gauge sector observables in entangled mixed states
in which the charge degrees of freedom N (x, xi,Ni) and ψ(x)
are considered as the non-observed environment over which
we trace. The expectation values of gauge sector operators
O(φ, ξ) in this mixed state are given by
〈O〉 = 1
Z
∫
DφDξDψ
∑
N
zN
N!
∑
x1...xN
∑
N1...NN=±1
O(φ, ξ)
e
iq
2
∑
i
∫
d2x ξ(x)N(x,xiNi)+i
∫
d2x
q
4π
ξ∆ψe
−q
2π
∫
d2x(κ(∂iφ)2+ 14κ (∂iψ)
2) .(30)
where Z is the normalization factor and ψ denotes the differ-
ence ψ = ψbra − ψket between bra and ket states. We have
also used the dilute charge approximation in which only inter-
ferences between point charge states differing by one unit are
taken into account. The quantum fugacity parameter z governs
the entanglement. For small zwe have a highly entangled state
of charge degrees of freedom, for z→ ∞ charges are liberated
as independent degrees of freedom.
At this stage both the integration over the transverse field
ψ and the summation over charge interference configurations
can be done explicitly [11], with the result
〈O〉 = 1
Z
∫
DφDξ O(φ, ξ) e−
∫
d2x
qκ
2π
(∂iφ)
2+ κ
8πq
(∂iξ)
2−2zcosξ
,
(31)
where we have renormalized the angle ξ to lie in the inter-
val [0, 2π] for comparison with Gauge field observables in the
entangledmixed state are thus determined by the classical par-
tition function of the 2D sine-Gordon model, or equivalently
the 2D XY model [23]. While the original φ field plays the
role of the spin wave field, the new dynamical sine-Gordon
field ξ describes the vortex dynamics. We can now use the
classical results on the 2D sine-Gordon (or XY) renormaliza-
tion group flow [23] also here.
The 2D XY model undergoes the famed Berezinskii-
Kosterlitz-Thouless (BKT) [16] phase transition. The value
κ = q/2 separates a weak-coupling phase for κ < q/2 from
a strong coupling phase for κ > q/2. For the case q = 2
of Cooper pairs this value corresponds to the self-dual point
κ = 1. In both phases the coupling constant κ flows to large
values in the IR limit. In the weak coupling phase, the fugac-
ity z → 0 in the IR limit while in the strong coupling phase
z → ∞ in the IR limit. The renormalization flow depends on
a constantC, which represents a particular combination of the
initial conditions for the flow. In the case C > 0, of interest
here, there is no IR fixed-point in the strong-coupling phase,
while the BKT critical point κcrit = q/(2+C) is a confining IR
fixed point (z=0). As in QCD, the coupling constant κ flows to
small values in the ultraviolet (UV) regime. Contrary to QCD,
it is the confining IR fixed point which is perturbative, while
the asmyptotically free UV regime is non-perturbative.
Before proceeding, let us remark that the dual critical point
at κcrit = (2+C)/q represents the dual superconducting phase,
while the intermediate regime q/(2 + C) < κ < (2 + C)/q,
z = 0 is the Bose metal phase first predicted in [3] and recently
shown to be a bosonic topological insulator [5]. For C < 0 the
BKT renormalization flow implies a direct transition between
superinsulator and superconductor.
Let us now prove that the charge entanglement regime is
linearly confining. To this end we first note that it is a con-
densate phase for vortices. As is evident from (31), near the
IR fixed point, the phase ξ of the gauge field has correlations
screened on the length λvor =
√
κ/2πqz, which diverge at
the fixed point. These diverging correlations imply diverg-
ing fluctuations of the vortex number near the fixed point, the
characteristics of a condensate. As has been first ponted out
in [11] this vortex condensate phase in a 2D compact gauge
theory is characterized by the presence of instantons. Let us
compute thus the effect of instantons on the charge-anticharge
potential. To this end we shall consider again the insertion
of two external probe charges of different sign by the expo-
nential line integral factor (25), focusing specifically on the
effect of the new dynamical field ξ. Since this is a phase,
at first sight it would seem that this effect reduces simply to
two phase factors at the end of the path. Instantons, however,
can cause the phase to jump on the path, leading to large ef-
fects. Following [22] we write the energy shift caused by sin-
gle instantons/anti-instantons on the path connecting the two
charges as
∆Einst = Einst
∫
path
dx
(
1 − Re
[
K−1(x1, x)K(x2, x)
])
, (32)
where Einst is the contribution of instantons in absence of ex-
ternal charges and K(x2, x) denotes the exponential of the in-
stanton function valued at x2 for an instanton located at some
x on the path. Since the instanton solution corresponds to a
phase jump at x we obtain
∆Einst = Einst
∫
path
dx (1 − cos (Q∆λinst(x))) . (33)
5In compact U(1) gauge theory, the instantons [11] correspond
to unit magnetic monopoles in 3D Euclidean space [24],
which implies a magnetic flux 2π/q on the 3D unit sphere.
The corresponding phase jumps at fixed time in Minkowski
space-time are thus ∆λinst = π/q. This gives the final result
∆Einst = Einst
(
1 − cos
(
πQ
q
))
R , (34)
where R is the separation of the charge-anticharge pair. This
is Polyakov’s classical [11] result that instantons in the vor-
tex condensation phase cause linear confinement for charges
Q = q satisfying the Dirac quantization condition, while dou-
ble charges Q = 2q are non-confined.
These results show that 2D QED with compact Chern-
Simons dynamical matter is an asymptotically free theory
with linear confinement due to the strong entanglement of
charge in a vortex condensate. As such it is a single-colour
“toy model” for QCD. The fact that an exact duality mapping
to a confining string exists [25] makes it into a complete, ex-
actly solvable model of strong gauge interactions. It is re-
markable that this model is explicitly realized in condensed
matter as the superinsulating phase of thin superconducting
films [9, 18].
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